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ON THE STABILITY OF NONLINEAR OPERATOR DIFFERENTIAL 
EQUATIONS, AND APPLICATIONS 
by 

C. V, Pao William G. Vogt 

Department of Electrical Engineering 
University of Pittsburgh 
Pittsburgh, Pennsylvania 


ABSTRACT 

Consider the nonlinear operator differential equation 
(i.e,, equation of evolution) 

<*> “ Ax(t) + f (x(t)) (t > 0) 

where A is a linear (unbounded) operator with domain and range 
both in a real Hilbert space H and f is a (nonlinear) function 
defined on H into H. The object of this paper is to investigate 
the existence, the uniqueness and the stability or asymptotic 
stability of solutions to (*) by using nonlinear semi-group proper- 
ties. Criteria on A and on f for the generation of a contraction 
or negative contraction semi-group are established from which the 
existence, uniqueness, stability and asymptotic stability of solutions 
of (*) are insured. Applications are given to the second order par- 
tial differential equation of the form 


9u 

9t 


= l |-y (a 1 j (X) 1^-) + c(X)u + f (x,u) 
i,J-l 9 * 1J 9X j 


X e Q < R n . 


Criteria in terms of the coefficients a^(X), c(X) and of the function 


f are obtained. 
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ON THE STABILITY OF NONLINEAR OPERATOR DIFFERENTIAL 
EQUATIONS, AND APPLICATIONS 


1, Introduction 

This paper is concerned with the existence and the stability 
nroblems of the ooerator differential equations (i.e., equations of 
evolution) of the form 

" A x(t) + f (x(t)) t > 0 (1-1) 

where A is a linear, in general unbounded, operator with domain D(A) 
and range R(A) both contained in a real Hilbert space H and f is a 
(nonlinear) function defined on H into H. It is well known that some 
semi-linear systems of differential equations, both ordinary and 
partial, can be reduced to the form (1-1) and in such cases A maybe 
considered as an extension of a linear differential operator. In order 
to examine the stability of solutions to (1-1), it is only necessary 
to characterize their properties without actually constructing the 
solutions. This is done be considering the properties of a nonlinear 
semi-group because if the operator A + f (•) generates a nonlinear semi- 
groun {T fc ; t > 0} (see definition 2.1) then a solution to (1-1) start- 
ing at t = 0 from any element x 0 eD (A) Is given by x(t; x 0 ) ** T t x Q for 
all t > 0 with x(0; x 0 ) = x D . Thus the existence of a solution to (1-1) 
is ensured and the stability property can be determined from the family 
of nonlinear operators {T fc ; t > 0). The object of this paper is to 
impose conditions on the operators A and f such that the operator A^=A+f(0 
generates a nonlinear contraction or negative contraction semi-group in H 
or in an equivalent Hilbert space of H (see definition 2,4) from which 
the existence, uniqueness and stability or asymptotic stability of solutions 
to (1-1) are insured. 
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The following definitions specifies what we mean by a solution, 
an equilibrium solution and the stability of an unperturbed solution. 

Definition 1.1 . by a solution x(t) of (1-1) with initial 
conditions x(0) ■ xeD(A) in a Filbert space F, we mean the following: 

(a) x(t) is uniformly Lipschitz continuous in t for each 
t > 0 with x(0) » x; 

(b) x(t)eD(A) for each t > 0 and Ax(t) + f(x(t)) is 
weakly continuous in t; 

(c) the weak derivative of x(t) exists for all t > 0 and 
equals Ax(t) + f(x(t)); 

(d) the strong derivative - y-- - (=Ax(t) + f(x(t)) exists and 

dt 

is strongly continuous except at a countable number of values t. 

The above definition of a solution x(t) is in the sense of a weak 
solution since x(t) satisfies (1-1) in the weak topology of H. However, 
by the condition (d), x(t) is an almost everywhere strong solution in 
the sense that x(t) satisfies (1-1) for almost all values of t > 0 in 
the strong topology of H. 

Definition 1.2 . An equilibrium solution of (1-1) is an element 
x e in D(A) satisfying (1-1) (in the weak topology) such that for any 
solution x(t) of (1-1) with x(D) = x g 

| |x(t)-x e | | = 0 for all t > 0. 

It can be shown that if x(t) is a solution of (1-1) then it is 
an equilibrium solution if and only if Ax(t) + f(x(t)) ■ 0 for all t > 0 
(cf [9])» 

Definition 1.3 . An equilibrium solution (or any unperturbed solution) 
x e of (1-1) is said to be stable (with respect to initial perturbations) if 
given any e > 0, there exists a 6 > 0 such that 



-4- 


||x-x || < 6 Implies | |x(t)-x || < e for all t > 0; 

x g is said to be asymptotically stable if 
(i) it is stable; and 
(ii > I lx(t)-x e | | » 0 

where x(t) is any solution of (1-1) with x(0) ■ xeD(A). If there 
exist positive constants M and B such 

(ii)' ||x(t)-x e || < Me -f?t | |x-x e | | for all t > 0 

then x g is called exponentially asymptotically stable. 

The existence problem for the case of a general nonlinear equation 
of evolution 

- Ajx(t) , (1-2) 

where is a general nonlinear operator with D(A^) and R(A^) both 
in H, has been investigated by Komura [6], Kato [5] and by Browder [2]; 
and the stability problem of the same type of equation has been studied 
by the author in a separate paper [9] which has a close connection with 
the present work. Because of the implication of a general nonlinear 
operator differential equation, the application of its results to partial 
or ordinary differential equation needs additional justification. However, 
in the case of semi-linear equation of the form (1-1), criteria on the 
operator A and on the function f are directly applicable to certain partial 
or ordinary differential equations. Examples of application to partial 
differential equations are given in the last section in order to illustrate 
certain steps in applying the results developed for operator differential 
equation. Further applications to nonlinear partial differential equations 
will be discussed in a separate presentation. 
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2, General Background 

In this section, we shall introduce some basic definitions and 
state some theorems from [9] which are fundamental in the development 
of our results. 

Definition 2.1 . Let H be a Filbert space. The family of 
operators (T^; t > 0} is called a nonlinear semi-group on H if and 
only if the following conditions hold: 

(i) for any fixed t > 0, is a continuous (nonlinear) 
operator defined on H into H; 

(ii) for any fixed x e H, T fc x is strongly continuous in t; 

(iii) T T ■ T for s, t > 0, and T -I (the identity operator); 

(iv) | |T t x-T t y| | < M| |x-y| | (M > 0) x,y, e H and t > 0. 

If (iv) is replaced by 

(iv) ' | |T x-T y | | < Me" 6t | |x-y| | ( p>0) x,v e H and t > 0 

then {T fc ; t > 0} is called a (nonlinear) negative semi-group; if M < 1 
then it is called a (nonlinear) contraction or negative contraction 
semi-group according to (iv) or (iv)* respectively. The number 6 
satisfying (iv) ' is called a contractive constant of (T t ; t > 0). For 
a subset D of H, the family (T^; t > 0} is said to be a nonlinear 
contraction (resp. , negative contraction) semi-groun on D if the properties 
(i)-(iv) (resp. , (i)-(iv) *) are satisfied with < 1) for all x,y e D. 

Definition 2.2 . The infinitesimal generator of the nonlinear 
semi-group {T^. ; t > 0} is defined by 

, w-lim V-* 

A i* ’ h*o — h — 

for all x e H such that the limit on the right-side exists in the sense 
of weak convergence. 
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Definition 2.3 . An operator (nonlinear) with domain D(A^) 
and range R(A^) both contained in a real Hilbert space is said to be 
dissinative if 

(AjX - A^y, x-y) < 0 for x, y e D(A^)j (2-1) 
and A^ is called strictly dissipative if there exists a real number 
8 > 0 such that 

(AjX - A^y, x-y) < —3 | | x— y | | 2 x,y e D(A.j). (2-2) 

The supremum of all numbers 8 satisfying (2-2) is called the dissipative 
constant of A^. 

It follows from the above definition that A^ is dissipative if 
and only if -A^ is monotone and A^ is strictly dissipative if and only 
if there exists a real number 8 > 0 such that -(A^ +81) is monotone 
(cf [8]). Note that definition 2.3 coincides with the usual definition 
of dissipativity when A^ is a linear operator (cf. [7]). 

definition 2.4 . Two inner products (. > .) and (. » .)^ defined 
on the same vector space H are said to be eouivalent if and only if 
the norms ||*|| and | | • | | ^ induced by (• » •) and (• » *)^ respectively 
are equivalent, that is, there exist constants 6, y with 0 < 6 < y < 00 
such that 

6 | |x| | < 1 |x | \ 1 < y| |x| | for all x e H. (2-3) 
The Hilbert space H^ equipped with the inner product (• » »)^ is said 
to be an equivalent Hilbert space of H and i s denoted by (H, (• » *)^) 
or simply by H^. 

In order to show the results in the following sections we state 
some lresults from [9]. 

Theorem 2.1 . Let A^ be a nonlinear operator with domain B(A^) 
and range R(A^) both contained in a Hilbert space H such that R(I-A^)«H. 
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Then is the infinitesimal generator of a nonlinear contraction 
semi-group on D(A^) if and only if A^ is dissipative; and A^ is the 
infinitesimal generator of a nonlinear negative contraction semi-group 
if and only if A^ is strictly dissipative. 

Theorem 2.2 . If is the infinitesimal generator of a 
nonlinear contraction semi-group (resp. , negative contraction semi- 
group) in an equivalent Hilbert space on D(A^) then A^ is the infinitesimal 
generator of a nonlinear semi-group (resp. , negative semi-group) , not 
necessarily contractive, on the same domain D(Aj) in the original Hilbert 
space. 

Remarks: (a) In Theorem 2.1, the condition R(I-A^) ■ H can be 

weakened by R(I -aA^) ■ H for some a > 0. (b) The nonlinear contraction 

semi-group {T^_ ; t > 0} generated by A^ in the above theorem has the 

following additional property: For any xeD(A^), the strong derivative 

d(T x) 

— — « A^T fc x exists and is strongly continuous except at a countable 
number of values t (cf. [5]). Thus for any xeD(A^), T fc x is a solution 
of (1-1) in the sense of definition 1.1. 

It is seen from theorem 2.1 that i f the operator A + f(*) is 
dissipative or strictly dissipative and R(I -A - f(«)) =H then 
A + f(») is the infinitesimal generator of a contraction and negative 
contraction semi-group respectively. However, the requirement 
R(I - A - f(.)) “ H by itself is not easy to verify since it is 
equivalent to the functional equation 

x - Ax - f(x) = z (2-4) 

having a solution for every zeH. In the following section, we shall 
impose conditions on A and f to insure the existence of a solution 
of (2-4). We consider first the case that A is the infinitesimal 
generator of a linear contraction (or negative contraction) semi-group 
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of class C Q (cf. Ill]), and then consider the more general case 
when A Is an unbounded closed operator. Notice that the Infinite- 
simal generator of a semi-group is always closed. 

3. Existence and Stability of Solutions 

In the proof of the main theorems in this section, we have 
used some results developed by Browder (cf, [1], [2]). It is noted 
that a Hilbert space is reflexive and uniformly convex and the 
definition of an accretive operator defined in 12] coincides with a 
monotone operator when the underlying space is a Filbert space. 

Definition 3.1 . Let x(t) he a solution to (1-1) with x(0) ■ x. 
A subset D of F is said to be a stabilitv region of the equilibrium 
solution (or any unperturbed solution) x g if for any e > 0 there exists 
a 6 > 0 such that 

x e D and | |x-x £ | | < 6 imply | |x(t)-x g | | < e for all t > 0. 

Theorem 3.1 . Let A be the infinitesimal generator of a 
(linear) contraction semi-group of class 0 o . Assume that f satisfies: 
(i) f is defined on all of H into F such that it is continuous from 
H in the strong topology to the weak topology, and is bounded on 
every bounded subset of H. (ii) for any x, v e H, (f(x)-f(y), x-y) 
Then (a) for any x e D(A) , there exists a unique solution of (1-1) 

(in the sense of definition 1,1) with T q x = x; (b) any equilibrium 
solution x e (or any unperturbed solution such as periodic solution) , 
if it exists, is stable; (c) a stability region of x g is D(A) which 
can be extended to H. 

Proof . Let A^ *= A + f(*) with D(A^) - D(A). Since an 
infinitesimal generator of a contraction semi-group of class C Q is 


VII 
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denselv defined, dissipative and R(I-A) = II (cf. [7] or [11]), it 
follows by the dissipativity of A and by the assumption (ii) on f 
that 

(A^x-A^y, x-y) = (Ax-Av, x-y) + (f(x)-f(y), x-y) < 0 for all x,y e D(Ap 

x^hich shox^s that A^ is dissipative. To show that R(I-A^) = IT, x^e 

aoplv a theorem (theorem 5) in [2] . TTote that the onerator -A is 

monotone and the range of -A + I is all of F xd.th P(-A) = D(A) dense 

in H. Thus the operator G « -A is accretive (or monotone). Let 

G q = T-f(*), then from assumption (i) G Q is defined on all of H 

and is continuous from H in the strong topology to the weak topology 

(i.e., G q is demicontinuous on H) and mans hounded subsets of H into 

bounded subsets of H, G is monotone, for 

o 

2 

(G q x-G 0 v, x-y) = (x-y, x-y) -(f(x)-f(y), x-y) > | |x-v| | x,v e II 
where we have used assumption (ii) . Moreover, by letting y=0 in (ii) 
gives 

(f(x),x) < (f (0) ,x) < !)f (0)11 | Ixl I for all x c H (3-1) 

It follows by the dissipativity of A and by (3-1) that 

| | -Ax+G 0 x | | > (-Ax+G Q x,x)/ | | x | | > (G o x,x)/ | |x| |=((x,x)-(f (x),x))/| |x| | 

> | | x | | - | | f (0) | ! for all x e D(A) (x £ O'). 

Thus | |Gx + G q x| ]-*■+" as | |x| )->•“. Hence all the hypotheses in 
theorem 5 of [2] are satisfied. It follows that R(I-A^) * R(G+G q ) ■ H. 
This later condition and the dissipativity of A ^ imply that A^ is the 
infinitesimal generator of a nonlinear contraction semi-group {T ; t > 0} 
on D(A) by applying theorem 2.1. Therefore, for any x e D(A), T x e D(A) 
and is the unique solution of 1-1 with T q x=x. Since 

| j T fc x— T fc y I | < j|x-y|| for all t > 0 x,y e D(A) 
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it follows that by taking y as the equilibrium solution x g or any 
unnerturbed solution such as periodic solution, if it exists, then 
it is stable. Note that T fc x e = x g . The above inequality holds for 
anv x, y e D(A) which implies that a stability region is T)(A) and 
thus it can be extended to the whole space F since D (A) is dense 
in H (cf. [9]). Therefore, the theorem is proved. 

Theorem 3.2 . Let A be the i nf initesimal generator of a 
(linear) negative contraction semi-groun of class with contractive 
constant B. Assume that f satisfies the condition (i) in theorem 
3.1 and that 

(f(x) - f(y), x-v) < k| |x-y| with k < B for all x,v e II. (3-2) 
Then all the results in theorem 3.1 hold. Moreover, if an equilibrium 
solution exists (or any unperturbed solution), it is exnonentiallv 
asymptotically stable. 

Proof . Let = A + f(*)» Since A is the infinitesimal generator 
of a negative contraction semi-groun, it is densely defined, dissipative 
and R(I-A) = H. Applying theorem 2.1 for the linear case, A is strictlv 
dissipative with dissipative constant B, that is 

(Ax,x) < -3 | jx| I ^ for all x e D(A) . 

Thus the operator A^ is strictly dissipative with dissipative constant 
B-k since by the hypothesis (3-2) 

9 

(A-jX-A-^y, x-v) » (Ax-Ay, x-v) + (f(x)-f(y), x-y) < -(B-k) | |x-y | | 
for all x,y e D(A^). To show that P(I-A^) = H, we prove P(I- aA^) = F 
for some a > 0, since the monotonicitv of -A implies that (I-aA) - ^ exists 
for every a > 0, an d if r(i_ a A) = R for some a > 0 then R(I-A) « R 
(cf. [5]). The reason for doing this is that if the same argument as 
in the proof of theorem 3.1 is used it will lead to the unnecessarv 
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requirement k < 1. Let I - a A. = - a A + (I-otf(»)) = G + G where G=-aA, 
and G Q =I-af(.). Since A is the infinitesimal generator of a semi-group, 
a e p(A) (the resolvent set of A) for alia > 0 (cf. [11]) which 
implies that R(T+G) « R(I - a A) « H, The mapping G * I - af(») is 
monotone for a < k ^ since by the assumption (it) 

(G Q x-G o y,x-y) = (x-y ,x-v) - a (f (x)-f (y) ,x-y) > (1 - a k) | | x-v ( | > 0. 

It is obvious by the assumption (i) that G o is continuous on R in the 

strong topology to the weak topology and is bounded on every hounded 

subset of H. Finally, the relation | (GxH-G q x| | « as ||x(| -*• <*> is 

also satisfied. This is due to the fact that the dissipativlty of a A 

* 

and the relation (3-1) imply that 

( J Gx+G q x 1 ( > (- aAx + G o x,x)/ | |x| | > ((x,x)- a (f (x) ,x))/J |x \ \ > | |x | J- a | | f (0) | ] 
where a > 0 is a fixed number. Hence by choosing a < k \ all the 
hypotheses in theorem 5 of [2] are satisfied and the result R(I - a A)=R (G+G 0 )=H 
follows. It should be noted that k > 0 so that D < a < k ^ exists. 

(if k < 0, then G Q is monotone by taking, for instance, a = 1 and the 
other conditions remain unchanged). By theorem 2.1, Aj^ is the infinite- 
simal generator of a nonlinear negative contraction semi-group (T fc ; t > 0} 
on D(A) with the contractive constant B-k. Therefore the results in the 
theorem follow directly from the negative contraction property of the 
semi-group (T t ; t > 0}. 

Remark . If A is the infinitesimal generator of a contraction 
semi-groun instead of a negative contraction semi-group, any unperturbed 
solution is still asymptotically stable provided that the constant k 
appearing in the condition (3—2) is negative, since in this case, we mav 
take B=0 and the operator A^ = A + f (•) remains strictly dissipative with 
dissipative constant -k. The proof of R(I-A) = H remains the same. 
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Corollary 1 . Under the hypotheses of theorem 3.1 (theorem 
3.2) and In addition, if f (0) = 0, then the null solution is stable 
(asymptotically stable) with the stability region the whole space K. 

Proof . If f(0) = 0 then x(t) = 0 is an equilibrium solution 
(called the null solution) of (1-1). Hence by theorem 3.1 (resp., 
theorem 3.2), the null solution is stable (resp., asymptotically stable) 
with the stability region extended to the whole space H. 

Corollary 2, Let A be the infinitesimal generator of a (linear) 
negative contraction semi-group of class C Q with contractive constant 6, 
and let f be Lipschitz continuous on H with Lipschitz constant k < 6, 
that is 

1 |f (x)-f (y) j ( < k | | x-y | | for all x,y e H. (3-3) 

Then for any x e D(A) there exists a unique solution T fc x to (1-1) with 
T q x=x such that any equilibrium solution x g to (1—1) is asymptotically 
stable. In narticular, if f(0) - 0 the null solution is asymptoticallv 
stable. Moreover, a stability region is D(A) which can be extended 
to the whole space H. 

Proof . By the Lipschitz continuity of f on H, it follows that 
condition (i) in theorem 3.1 is satisfied. This is due to the fact that 
strong continuity implies weak continuity, and by (3-3) with x q a fixed 
•lement in H 

I I f 00 j I < 1 | f (x o ) I | +k | | x | | +k | | x Q | | 
which is bounded whenever | |x| | is bounded. Moreover, by (3—3) 

(f(x) - f (y) , x-y) < | J f (x)-f (y ) | j !|x-y|j < k||x-y|| 2 
and so condition ( 3—2) in theorem 3,2 is satisfied. Hence, by theorem 
3.2 the existence and the uniqueness of a solution as well as the 
stability property of an equilibrium solution are proved. In particular, 
if f(0)=0 then corollary 1 implies that the null solution is asymptoticallv 
stable. 
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It Is obvious that under the hypotheses of theorem 3.7 
and in addition if an equilibrium solution x e exists then it is 
unique since if is another equilibrium solution, the negative 
contraction nronertv of any two solutions to (1-1) implies that 


l x e - v el 


< e - (Mc)t l 


x -v 
1 e e' 


for all t > n 


which is impossible unless x = y . 

e e 


Note that T.x. = x o and T. v =v 

t “ 6 C 6 “ 


for all t > 0. The following theorem gives weaker conditions on 
A Q and on f for the uniqueness of an equilibrium solution. 

Theorem 3.3 . Let the linear operator A appearing in (1-1) 
be such that 0 e D(A) and that for some finite number P(i.e. , | R j <°°) , 


(Ax,x) < B(x,x) for all x e D (A) . 

Let f be defined on D(A) to IT such that f (0)=0 and such that for some 
finite number k ( i . e . , |k| < ■<*>) 

(f(x),x) < k||x||^ for all x e P(A). 

If 8 > k then the null solution of (1-1) is the onlv equilibrium solution. 


Proof . T.t is obvious that the zero vector is an equilibrium 
solution of (1-1). Let x e he anv other equilibrium solution, then 
x e e D(Au) and by the definition of an equilibrium solution, Ax e + f(x e ) = n . 
It follows that 

0 « (Ax e + f (Xg) , Xg) = (AXgjXg) + (f(x p ),x e ) < -(8-k) | jx e | I" 


which implies that x e = 0 since by hypothesis B-Ic > 0. ITence the unique- 
ness of the equilibrium solution is proved. 

Most of the theorems developed in this section up to now assumed 
that the linear part A of (1-1) is the infinitesimal generator of a 
contraction semi-group of class C • A necessary and sufficient condition 
for A having this property is that A is dissipative, P(A) is dense in II 
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and y(I-A) = I! (of, [7]). Again the requirement R(I-A) = F means 
the existence of a solution of the functional equation 

x - Ax = z 

for every z e II which by Itself needs further justification. Forever 
in case A is a self- a joint onerator which occurs often in physical 
applications, this requirement can he eliminated in these theorems. 

In order to show this, we apply a theorem from [1] due to Browder by 
considering a denselv defined closed operator and then take a self- 
adjoint operator as a special case* 

Theorem 3,4 . Let A he a densely defined closed onerator from 
F into H. Suppose that: (i) A is strictly dissipative with dissipative 

constant {?, (11) A* is the closure of its restriction to D(A)f| D (A*) 
where A* is the adjoint operator of A, (lii) f satisfies the conditions 
(i) and (3-2) in theorem 3.2. Then all the results in theorem 3.2 hold. 

Proof . Let A^ = A + f (•) , then A^ is strictly dissipative, since 
hv hypothesis 

(AjX-Ajy ,x-y) = (Ax-Ay, x-v) + (f(x)-f (v),x-y) < -(fi-k) | |x-v| I 2 
for all x,y e T>(A) = D(A^) . To show that P(I-Aj_) = H, let T=I-A^=-A+(I-f (•)) , 
then D(T)=D(A) is densely defined. Since -A is densely defined, A* 
exists and is closed, and by the assumption (ii) -A* is the closure of 
its restriction to D(-A) f) P(-A*) . By (ill) the operator G=I-f(0 is 
continuous from all of H to F in the strong topology to the weak topology 
which implies its hemi- continuity from H to IT with D(G) = H. The bounded- 
ness of G on hounded subsets of R also follows from (lii). Moreover 

(Tx-Ty ,x-v) = (x-y,x-y) - (A^x-A^y ,x-y) > (1+B-k) | |x-v| | x,y e P(T) 
so that T is monotone. In particular by letting y=0 (0 e P(A)=P(T)) 
in the above inequality and since T»0 = O-A^.O = -f(Q), it follows 


that 
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(Tx,x) > (l+B-k)| |x| | ? - -(f(0),x) > ( (1+8-k) | | x j | - 1 | f (0) | | ) | j x | ) 

for all x e D(T), 

and since 6 - k > 0 the real valued function c(| |x| |) defined bv 

c ( I I x | | ) « ( 1+B-k) | | x | | - 1 | f (0) | | 

has the nronertv that c(| |x| |) -*■ °° as | |x| | •> <» . Fence all the 
conditions in theorem 1 of [1] are satisfied if we take, for instance, 
the comnletelv continuous manping C=0 (the zero operator which maos all 
x e II into the 0 vector in H) . Therefore R(I-A^) ** R(T) = F. T?y 
annlvinp theorem 2.1, A-^is the infinitesimal generator of a non-linear 
negative contraction semi-group on D(A^) “ D(A) with the contractive 
constant B-k. Thus, the stated results in the thoerem follow directly 
from the negative contraction semi-grouo property as in the nroof of 
theorem 3,1. 

Remark . The above theorem can also he proved with B=k=0, in 
which case the equilibrium solution is stable with a stability region 
D(A) . The nroof is exactly the same by letting 8=k=0. 

Since an unbounded self-adjoint operator A is a densely defined 
closed onerator having the property that F(A) * F(A*) (in fact A = A*) 
we have, with a stronger assumption on the function f, the following result 
which is stated as a theorem becasue of its usefulness in anplications . 

Theorem 3.5 . Let A be an unbounded self-adjoint operator from 
F. to H and assume that it is strictly dissipative with dissinative 
constant 8. Let f be Lipschitz continuous on F with Linschitz constant 
k < B, that is 

| |f (x)-f (v) | | < k) |x-v| | for all x,y e F. 

Then all the results in theorem 3.2 hold. 
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Proof. The self-adjointness of A implies that A is a densely 
defined closed operator and n( A*) = D(A) (in fact, A=A*). Thus 
condition (ii) in theorem 3.4 is satisfied. By the Lipschitz con- 
tinuity of f, f is continuous in the strong topology and is hounded 
on every hounded subset of H. This assumption (Lipschitz continuity) 
also implies that 

(f (x)-f (v) ,x-y) < | |f (x)-f (v) [ I ||x-y|| < k||x-v|) 2 for all x,y e IT. 
Fence, all the conditions in theorem 3.4 are satisfied, and the results 
follow by applying that theorem. 

Remark . The. Linschitz continuity of f in the theorem can he 
weakened by using the conditions (i) and (3-2) in theorem 3.2. 

It is easily seen from theorems 2.1 and 2.2 that stability and 
asymptotic stability are invariant if the inner product ( • » •) of H is 
replaced by an equivalent inner product (»»*)^ with respect to which 
A]_ = A + f(*) is dissipative. Because of its usefulness in applications 
(for instance, a non-self-ad joint operator in a Filbert space (IT, (•*•)) 
can sometimes be made self-adjoint in (F,(*»*)^) where (*»*)^ is an 
equivalent inner product) we show the following theorem. 

Theorem 3.6 . Let A be a densely defined linear operator from 
P=(H, (.»•)) into H, and let f satisfy the condition (i) in theorem 3.1. 

If there exists an equivalent inner product ^ such that A is a 

self-adjoint operator in F^ = (F, (*»*)^) satisfying 

(Ax,x)^ < -g||x|| 2 x e D(A) 


and if 

(f (x)-f (y) jX-y)^ < k | | x-y | | 2 with k < B, x,v e II. 
Then, all the results stated in theorem 3.4 are valid. 

Proof . Consider A as an operator from the space F^ = (H, (• » •) j) 
into H^» Since A is self-adjoint in the space F^, it is a densely defined 
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closed operator and D(A) = D(A*). The continuity and the boundedness 
of f with resnect to the | | • | | —norm topology implies the same property 
of f *ri.th respect to the | | • | | j-norm topologv since these two norms are 
equivalent. By assumption, A is strictly dissipative and the condition 
(ill) in theorem 3.4 is satisfied with respect to (• » *)^. Hence all 
the hypotheses in theorem 3.4 are satisfied hy considering as the 
underlying space which implies that the operator A^-A + f(») is the 
infinitesimal generator of a nonlinear n egative contraction semi-group 
(T t ; t > 0} on D(A) with contractive constant f?-k in the space H^. By 
theorem 2.2, A is the infinitesimal generator of a nonlinear negative 
semi-group {T^; t > 0} on T)(A) , not necessarily contractive, in the 
original space H. Therefore all the results in theorem 3.4 hold hy 
the semi-group properties. 

4. Applications to Partial Differential Equations 

In this section, we shall give some applications of the results 
obtained in the previous section to a class of linear and semi-linear 
partial differential equations which can serve as an illustration of some 
steps in aoolving the theorems developed for operator differential equa- 
tions. For simplicity, we limit our discussion to second order differentia] 
equations in an n-dimensional Euclidian space R n and consider the Filbert 
space L (fi) as the underlying space. In the following, the first simple 
example of a linear differential equations gives a fairly detailed 
description of the application from which some more general equations 
can easily he obtained. Criteria for the existence and stability of 
solutions in terms of the coefficients o f a given partial differential 
operator are stated as theorems which are concrete results of the applica- 
tion from the abstract operator differential equation. 
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Exarople 4.1 . Consider the linear partial differential 

equation 2 

* a(x) — | + b(x) ~ + c(x)u x e (0,1) (4-1) 

with the boundary conditions 

u(t,0) = u(t,l) =0 (t > 0) . (4-2) 

Assume that the coefficient a(x) is positive on [0,1] and that a(x), 

b (x) , c(x) are all infinitely differentiable functions in an open 

interval I Q containing [0,1] . Then the linear operator 

g 2 3 

L = a(x) — « + b (x) 4—+ c(x) 

8X 2 

is an elliptic partial differential operator (cf. [4]). The formal 
adjoint operator of L is given as 


L*(v) - — 9 (a( X )(-)) - 4- (MxKO) + c(x)(-) 

9X X 

which is also an elliptic partial differential operator. It is easilv 
shown by a simple calculation that equation (4-1) can he reduced to 


the form 


9u = _ 1 _ 9_ 

q(x) 9X 


(p(x) 


3X 


•) + c(x)u 


(4-3) 


where 


, { X ( b(0/a(0)dC 

q(x) = (a(x)) e o (x q e 1 0 » X 1 fixed) 


p(x) = a(x) q(x). 


(4-4) 


2 

Let us seek a solution in the real Hilbert space L (0,1) in which the 

2 

inner product between any pair of elements u, v e L (0,1) is defined by 

1 

(u, v) = /u(x) v(x) dx . (4-5) 

o 

2 oo 

Define the operator T in L (0,1) as the restriction of L on C (0,1) 
and T the restriction of L* on C (0,1) by 

D(T) - D(T) - (u e C°°( [0,1] );u(0) - u(l) - 0} 

Tu * Lu, Tu = L*u 


u e D(T) 
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A A A 

Let A and A denote the closure of T and T respectively (T and T are 

closable). Then D(A) Is dense in L 2 (0,1) since D(A)r> I)(T) =5 C^(0,1) 

9 A 

which is dense in L (0,1). Thus A* and (A)* both exist. In general, 

T is not self-adjoint with respect to the inner product defined in (4-5). 

However, by defining the scalar functional (u,v). by 

1 

(u,v) 1 = <ii, qv') = / u(x) q(x) v(x) dx (4-6) 

o 

where the function q(x) is the known function given in (4-4) it is 

easily seen that (■•■»•), possesses all the properties of an inner product. 

1 1 

Since (u,u)^ = (u,qu) = / qu^dx, it follows that 

o 


( 0 ^i H(X» ll«l| 2 < \\n\\{ < < « «<X» Ikll 2 

which implies that (*»*)^ and (•»•) are equivalent. Notice that q(x)>0 

and is continuous over the closed interval [0,1] so that it actuallv 

attains its maximum and minimum values bounded away from zero and 

Moreover, for any u, v e D(T), on integrating by parts and taking 

notice that the boundary conditions are satisfied for any u e D(T) 

we have ^ 

(u,Tv) 1 - (u,qTv) - / uqfq” 1 |^-(p |^) + cv]dx 

1 

" /[v 1^- (p !“•) + c q u v]dx « (Tu,v) x (4-7) 

A 

which shows that T=T. It follows that (cf. Dunford and Schwartz [4] 

A 

p. 1740) A=(A)*“A* which shows that A is self-adjoint in the equivalent 
2 

Hilbert space L^(0,1) equipped with the inner product (• » • )^. Moreover, 
the above equality implies that for any u e D(T) 


(u,Tu) ^ - - /[p(|~) 2 - c q u 2 ]dx « - /[a q(|^) 2 ~ c 0 u 2 ]dx. 
o * o x 

On setting u^ ■ q^^ u then | |u^| |*| |u| and by an elementary calculation 


,3u x 2 / 9 u U 2 1 „ ls 9u l . 1 (b-a*) 2 2 

aq W " a( 9T ) ~ 2 (b ~ a > ~%T + 4 U 1 


we have 


(4-8) 
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where a’ 5 — a(x). Hence, integrating by parts and using the well 


known inequality 


r^duJ . „ 2 r 1 2 . 

/ ( -r -) dx > ir J u dx 


(4-9) 


which is valid for any u(x) satisfying the condition (4-2), we have 

1 Su- oi i /is-* o 


1 9ti- oi i 

(u,Tu) 1 - - /[atg-V + (A (b'-a") + A 


1 (b-a’) \ 2-, j 

a— a - c) u l ]dx 


/t 2 

- Jin a 


1 (b-a * ) 2 


inhere 


min 2 4 a 


min , N 
‘min "0<X<1 3(X) 


- c^ dx < -3] j U I 


1 (b(x)-a* (y))‘ 


V X <1 a mln + f 


c(x)l. (4-10) 


It follows that if 6<=0 or g>0 then T is dissipative or strictly dissipa- 
tive, respectively, with respect to (»»«)^. The dissipativity or strict 
dissipativity of T implies the dissipativity or strict dissipativity, 
respectively, of A. To see this, let u e D(A) then by the definition 

of the closure of a closable operator there exists a sequence {u }«D(T) 

n 

Hm 

such that u -* u and ^ Tu exists and equals Au (cf. [11]). Hence bv 
n n* 00 n 

the continuitv of inner product, we have 


(Au,u). * (Tu ,u ).. < 1 *™(-B||u II?) = -B||u||? 
* 1 n-*» n* n 1 = n-*°° 1 1 n M l 11 1 '1 


which shows the dissipativity and strict dissipativity of A. Therefore, 
by applying theorems 3.6 and 3.3 with f = 0 we have the following results. 

Theorem 4.1 . Assume that the coefficients a(x), b(x) and c(x) 
of 4-1 are infinitely differentiable over any open interval I con- 
taining [0,1] and that a(x) is positive on [0,1]. If the condition (4-10) 
is satisfied, then for any initial element u Q (x) e D(A) there exists a unique 
solution u(t,x) in the sense of definition 1.1 with u(0,x)=u o (x) • Moreover, 
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the null solution of (4-1) is stable if B=0 and is asymptotically 
stable if B > 0 and in the later case the null solution is the 
only equilibrium solution. 

1 2 

As an example of the above theorem, take a(x) * y, b(x) * ^ X» 
2 2 

c(x) ■ (x + jfr) where R is a positive constant to be determined, then 


r _ win r JL j. * + i R ( * - (y 2 + 1 m — — i. 

B 0<X<1 1 R + sff + 4 R X ' (X + 0 j R # * 

Hence B>0if0<R<ir^ which shows the same result as given in [3] . 

Remark . The solution u(t,x) in theorem 4.1 is in fact a 

solution of (4-1) in the strong sense i.e., * Au(t,x) in the 

norm topology (cf. [7]). However, in the case of semi-linear equations, 

it is not certain that this is the case. Thus, we shall assume that any 

solution in the following discussion is in the sense of definition 1.1. 

Example 4.2 . Consider the partial differential equation 


!^r - a(x) -Mf + b(x) |~+ c(x)u + f(x,u) (4-11) 

with the boundary conditions u(t,0)*=u(t, 1)=0 where a(x), b(x)* c(x) 
are the same as in theorem 4.1 and f is a nonlinear function defined 
on L^(0,1) to (0,1). According to theorem 3.6, if f is continuous 
on L^(0,1) and is bounded on bounded subsets of L^(0,1) such that 

( f (x,u)-f (x»v),u-v) 1 < k^| | u— v | | 2 with kj^ < B, u,v e L 2 (0,1) 
where (.,.)^ is the equivalent inner product defined in (4-6) and 6 
is given by (4-10), then all the results in theorem 4.1 with respect 
to an equilibrium solution, if it exists, remain valid. In particular if 
f(0)*0, the null solution is exponentially asymptotically stable. 

To illustrate the above statement take, for example, the function 

2 9 

f(X,u) * k( X ) y- y (X > 0). 

X +u 
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where k(x) is a bounded function on [0,1]. It is obvious that f is continuous 
on L (0,1) (in the strong topology) and is bounded on T. (0,1) . By the 
definition of (,,.)^ in (4-6) 

1 2 2 

(f (X,u)-f (X,v),u-v) 1 - /k(x) ( ^ — 2 " ‘ 2 ( U ~ V )^X 

o A +u A +v 

, 2 r 1 k(x) (u+v) , \ 2 , 

" x / rr t^TX qCu ' v) x - 

o (A +u ) (A +v ) 


2 max 
0<X<1 


(A 2 +u (x) ) (* +y vx.) ) 


2 

1 * 


It is easily shown that for any real number u, v 

I u+v I < _1 

(A 2 +u 2 )(A 2 +v 2 ) | A 3 | 

which implies that 


k 2 

(f (X,u)-f (x,v),u-v ) 1 < |y| | I u— v I I x . 

kl 

where k m it follows that if |-y|<B then the existence and unique- 

ness of a solution for any initial element u Q (x) e 0(A) are ensured. More- 
over the null solution is exponentially asymptoticallv stable with stabilitv 
region 0(A) . 

Example 4,3 . Consider the second order linear differential 
eouations of the form 


If-- I 57 ( a n<x>! 7 > + c(x)u x t n (4-12) 

at i,j=l ax i - 1 ax j 

with the boundary conditions 

u(t,x f )=0 x* e 9 0 t > 0 (4-13) 

where X=(XpX«>» • • • »X n ) » ft is a botmded open subset of the Euclidean 
space R n with boundary 3ft which is a smooth surface and no point in 3ft 
is interior to ft, the c losure of ft. Assume that a^ (x) = a^(x) 

(i,j=l,2, . . .,n) and together with c(x) are infinitely differentiable 
real-valued functions in a domain ft which contains ft and that there 
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exists a positive constant Tt such that 
n n 


l I h 

i,j=l J J 1=1 


X t n Q> £ e R 


(4-14) 


The operator 


n 

* I 


It (a..(x) | — ) + c(x) 

i,j-l 9x i 1J * X j 


is a strongly elliptic partial differential onerator in J2 . 

It is easily seen by definition that the operator T, is 

2 

formally self-adjoint i.e., L=L*. Let T be the operator in L '(ft) 
defined by 

D(T) = {u e C m (Q); u(x’) = 0, x’ e 8 
Tu Lu u e D(T), 

and let A be the closure of T. By theorem 25 in [4] (p. 1743), A 
is self-adjoint. For any u e B(T), integration by parts yields 

(u,Tu) = / uTudx “ / [ l u ~ (a^Cx) |~) + c(x)u 2 ]dx 


ft i,j=i “*i “M 


n 


-ft l a Ax) 


3u 3u 


- c(x)u ]dx 


■ i‘j-1 

where dx = dx l dx 2* * *^ X n* % the assumption (4-14) and using the well 

knox-m inequality [12] 

a (S__ O o 

(4-15) 


/ l i v ! dx 

n i=i x i n 

xrtxere y is a positive real number, we obtain 


(u,Tu) < - / j 0 £ (|£ ) 2 _ c (x)u 2 ]dx < -/ ( ct y - c(x))u 2 dx 

11 i=l dx i “ n 


i=l ^ x i 
< -( ay - c m ) | |u| | 2 - -g| | u | |‘ 


where c = ma ^ c(x) and g = oty-c . Fence, T is dissipative if B=0 
m xt^ m * 

and is strictly dissipative if g>0. The dissipativity and strict 
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dissinativitv of A follow from the dissipativity and strict dissipativity, 
respectively, of T as has been shown In example 4.1 since A is the 
closure of T. Therefore, A satisfies all the hypotheses in theorem 
3.5. To summarize, we have: 

Theorem 4,2 . Asstime that all the real-valued functions a„(x)=a^(x) 
(i,j=l,2, . . . ,n) and c(x) in eouation (4-12) are infinitelv differentiable 
in a domain containing fi, the closure of fi, where Q is a bounded open 
set in R n whose boundary 3ft is a smooth surface and no point of 3ft is 
interior to ft, If the condition (4-14) is satisfied and if 

3 “ aY “ "S C(X) = ° (A " 16) 

where a is given in (4-14) and y is given in (4-15), then for any 
u Q (x) e D(A) there exists a unique solution u(t,x) to (4-12) strongly 
continuous in t with respect to the L^(ft) norm with u(0,x)=u Q (x) . More- 
over, the null solution is stable for g=0 and is asymototicallv stable 
if 8 > 0 and in the later case the null solution is the only equilibrium 
solution. The stability region is D(A) which can be extended to the 
whole snace l^ft). 

It is seen from the above theorem that the major conditions imposed 
on the coefficients of the operator L are conditions (4-14) and (4-16). 

Notice that if c(x) is a non-positive function, then (4-16) is automaticallv 
satisfied. As a special form of (4-12) we consider the equation 

W - I fe <*!<*> W ,> + '<*> ” X e " <4 ' 17 > 

1=1 X 1 

with the boundary conditions (4-13). The following result is an immediate 
consequence of theorem 4,2, 

Corollary . Assume that the real-valued functions a^(x) (i»l,2, . . . ,n) 
and c(x) in equation (4-17) are infinitely differentiable in a domain ft Q 
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containing ft where 9 is a bounded open set in P n whose boundary 39 
is sufficiently smooth. If, in addition, a^(x) is positive for each i 
and c(x) is non-positive then all the results in theorem 4.2 hold. 

Proof . Consider (4-17) as a special form of (4-12) with 
a^j(x) ■** a^(x) for i=j and a ^j (x) =n for i^j . Then the condition (4-14) 
is satisfied since by hypothesis a ■ C a i (x)) > 0 which implies 

1 a^x) - I a 1 (x)5? >« l d. 

i,j-l 1 3 i-1 1 1 i-1 1 

The condition (4-16) follows from the non-positivity of c(x). Hence 
the results follow by apnlving theorem 4.2. 


As an example of the above theorem, consider the equation 

4r * A u-c^u (c real) 

at 

O 

where A is the Lanlacian operator in 9«br j with 39. sufficiently smooth. 
Then all the conditions in the above theorem are fulfilled since in this 
case a^(x) = 1 for each i and c(x) = -c^. 

Just as one-dimensional space case, semi-linear equations of 


the form 

I T“ (a..(x) |~) + c(x)u + f(x,u) X e 9 (4-18) 

9t i,j»l 9x i 1 3 3x .i 

with the boundary conditions 

u(t,x') “0 x* e 3 9 (4-19) 

can similarly be treated where f is a function on L^(9) to .L 3 (q). 

For the sake of application, we state a theorem which is the 
consectuence of theorem 3.5. 

Theorem 4.3 . Suppose that the semi-linear equation (4-18) with 
the boundary conditions (4-19) possesses the same linear part as given 
in theorem 4.2. If f satisfies the conditions (i) and (3-2) in theorems 
3.1 and 3.2, respectively, where B is given by (4-16). Then (a) For anv 
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u (x) e D(A) there exists a unique solution of (4-18) with u(0,x)“u (x) • 
o o 

(b) An equilibrium solution (or a periodic solution), if it exists, 

is stable if k®$; and is asymptotically stable if k<B. (c) A stability 

region of the equilibrium solution is D(A) which can be extended to the whole 
2 

snace L (fi) , 
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